Mechanochemically responsive (MCR) polymers have been synthesized by incorporating mechanophores -molecules whose chemical reactions are triggered by mechanical force -into conventional polymer networks. Deformation of the MCR polymers applies force on the mechanophores and triggers their reactions, which manifest as phenomena such as changing colors, varying fluorescence and releasing molecules. While the activation of most existing MCR polymers requires irreversible plastic deformation or fracture of the polymers, we covalently coupled mechanophores into the backbone chains of elastomer networks, achieving MCR elastomers that can be repeatedly activated over multiple cycles of large and reversible deformations. This paper reports a microphysical model of MCR elastomers, which quantitatively captures the interplay between the macroscopic deformation of the MCR elastomers and the reversible activation of mechanophores on polymer chains with non-uniform lengths. Our model consistently predicts both the stress-strain behaviors and the color or fluorescence variation of the MCR elastomers under large deformations. We quantitatively explain that MCR elastomers with time-independent stress-strain behaviors can give time-dependent variation of color or fluorescence due to the kinetics of mechanophore activation and that MCR elastomers with different chain-length distributions can exhibit similar stress-strain behaviors but very different colors or fluorescence. Implementing the model into ABAQUS subroutine further demonstrates our model's capability in guiding the design of MCR elastomeric devices for applications such as large-strain imaging and color and fluorescence displays.
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& 2015 Elsevier Ltd. All rights reserved. forces applied on the polymer chains with different lengths, and thus activates the mechanophores to change color and fluorescence in a non-uniform manner. We further adopt the Bell-like model (Bell, 1978) to account for the reversible activation of mechanophores coupled on different polymer chains of the MCR elastomer network. As a result, our microphysical model can quantitatively predict both the stress-strain behaviors and color/fluorescence variation of the MCR elastomers under multiple cycles of large deformation. In particular, we quantitatively explained (1) MCR elastomers with time-independent stress-strain behaviors can present time-dependent variation of color or fluorescence due to the kinetics of mechanophore activation; and (2) MCR elastomers with different chain-length distributions exhibit similar stress-strain behaviors, but very different colors/fluorescence under the same deformation, indicating a critical requirement of including contributions of inhomogeneous chain-length distributions to model activation behavior of chain-bonded mechanophores.
In addition, we program the new constitutive model into ABAQUS user subroutine (SIMULIA, USA), which is able to predict the activation of MCR-elastomer structures with complicated geometries undergoing inhomogeneous deformations. The plan of the paper is as follows. Section 2 introduces the experimental observation of the fluorescence of stretched MCR elastomers. Section 3 presents a microphysical model which integrates an interpenetrating-network model with nonuniform chain lengths and the Bell-like model for activation of mechanophores. Thereafter, the constitutive models are discussed in Section 4 by considering various chain-length distributions. Focusing on the log-normal chain-length distribution, we develop an ABAQUS UHYPER subroutine, with which in Section 5 we show the numerical simulations match well with experimental observations of the fluorescence of the MCR elastomers in the applications of strain imaging and fluorescence displays. The concluding remarks are given in Section 6.
Experimental
The MCR elastomer is fabricated by dissolving a bis-alkene functionalized spiropyran solution into the poly(dimethyl siloxane) (PDMS) Sylgard 184 pre-polymer. During the polymerization, the spiropyrans are crosslinked into the Sylgard network by a platinum catalyzed hydrosilylation reaction, the same curing reaction as that between vinyl-and hydrosilane functionalities in the initial Sylgard networks (Fig. 2) . Normal vinyl Sylgard chains and spiropyran bearing vinyl Sylgard chains coexist in the polymer network (Fig. 2) . Details of the fabrication can be found elsewhere . The thickness of the MCR film is controlled by the spin-coat speed of pre-polymer cast onto BoPET film (McMaster-Carr, USA). The stress-strain relations of the MCR elastomer are measured by the uniaxial tension tests (Microstrain analyzer, TA instruments, USA).
The MCR elastomer under large deformation (i.e., 4 125% strain) applies sufficiently high forces to the spiropyran Fig. 2 . Schematics for covalently incorporating spiropyrans into the Sylgard network and activation of mechanophores. The MCR elastomer under sufficiently large deformation induces significantly high forces in polymer chains, which triggers a 6-π electrocyclic ring-opening reaction that transits spiropyran into merocynanine.
mechanophores to trigger a 6-π electrocyclic ring-opening reaction that reversibly transforms a near-colorless spiropyran to a highly-colored and fluorescent merocyanine Lee et al., 2013 Lee et al., , 2010 (Fig. 2) . The transformation from spiropyran to merocyanine can also be driven by the exposure of ultraviolet light (UV, $365 nm) or heat. The reverse reaction (from mecrocyanine to spiropyran) can be accelerated by relaxing the applied force and exposing to visible light (e.g., green light, wavelength $ 545 nm). In a typical test of fluorescent/color variation, an MCR film ( $ 300 μm) is first driven to a photostationary equilibrium by illuminating a green light (wavelength $ 545 nm) for 3 min, and then stretched uniaxially or equibiaxially. In uniaxial tests, the MCR films are stretched under a pure-shear condition with initial gauge length $ 6 mm and width $20 mm (Fig. 3a) . The gauge length for the equibiaxial tests is $ 10 mm by $ 10 mm. The deformation of the MCR films is measured by stretches (Fig. 3b) which are defined as
where L 0 and L are the lengths of the elastomer film in the undeformed and deformed states, respectively (Fig. 3a) . During the fluorescent/color tests, the MCR film is held at each deformed state for sufficiently long time that allows the activation of mechanophores to reach equilibrium. As shown in Fig. 3a , deformation of the MCR film indeed varies its color from the initially pale yellow to dark blue. In addition, the MCR film is imaged by a fluorescent microscope (Nikon Eclipse LV100) with a Nikon Intensilight C-HGFI mercury lamp as the illumination source. The objective is a 5x MUE41050 LU Plan Fluor. The fluorescent filter is TRITC Hy Q Cube (EX530-560, DM570, BA590-650). Images are acquired on the film center with a Nikon DS-Qi1Mc camera and saved as 16-bit grayscale tiff images (width 2.22 mm and 1.78 mm height). For comparison, fluorescent images have been colored using the LUT command (Red Hot) of Image J. Since the film is relatively thin ( r400 μm), we assume the observed fluorescence indicates the number of merocyanines throughout the thickness of the film (see Eq. (36)). As shown in Fig. 3b , the MCR elastomers exhibit different fluorescence intensities under different degree of stretches.
We further quantify the numerical value of fluorescence intensity Q by integrating the gray pixel intensity in the acquired image, and plot the intensity as a function of stretches in the film λ under uniaxial or equibiaxial tensions. We denote the fluorescence intensity of the film at undeformed state as Q 0 . As shown on Fig. 3c , the curves of normalized fluorescence intensity Q Q / 0 vs. stretch λ for MCR films with different concentrations of mechanophores coincide with one another. In addition, the fluorescence intensity first decreases slightly at a low stretch ratio (i.e., λo2 for uniaxial and λo1.6 for equibiaxial), and then increases monotonically with deformation of the MCR film. This trend of slight decrease to drastic increase can be understood as follows. Under low stretches, only a small portion of the mechanophores in the MCR film are activated, mostly on relatively short chains; but the observed quantity of mechanophores throughout the film also decreases as the MCR film is stretched thinner. Therefore, the observed fluorescence intensity slightly decreases with the increasing stretch ( Fig. 3c) . However, as the stretch becomes large (i.e., λ42 for uniaxial and λ41.6 for equibiaxial), a significant portion of mechanophores are activated. Despite the offset of the reduced film thickness, the overall fluorescence intensity still increases with the stretch in the MCR film (Fig. 3c) . 3. The theoretical model 3.1. Interpenetrating networks with non-uniform chain lengths 3.1.1. The interpenetrating network model Polymer chains in most polymer networks have non-uniform lengths, owing to the stochastic nature of polymerization and/or crosslinking of the networks (Erman and Mark, 1997; Flory, 1953; Mark, 1999; Rubinstein and Colby, 2003; Treloar, 1975) . In particular, the lengths of polymer chains within the PDMS used for the current MCR elastomers indeed distribute across a wide range (Erman and Mark, 1997; Mark, 1999) . Existing network-based constitutive models for elastomers usually assume a uniform chain-length distribution in polymer networks, since these models are primarily focused on overall stress-strain behaviors of the elastomers (Flory, 1953; Rubinstein and Colby, 2003; Treloar, 1975) . However, the activation of mechanophores within the MCR elastomers is expected to be sensitive to chain-length distribution. When the elastomer network is under macroscopic deformation, the forces in polymer chains with inhomogeneous lengths should be significantly different. The inhomogeneous chain forces in turn activate the mechanophores in dramatically different levels. Here we will develop a simple network model that accounts for the non-uniform chain length within the MCR elastomer.
In the current paper, we target at developing a general model that can account for the essential features and effects of non-uniform distributions of polymer-chain lengths in MCR elastomers, without the complication of detailed microstructures of the elastomers (e.g., reinforcement of nanoparticles in PDMS). To achieve this goal, we model the elastomer network as being composed of multiple crosslinked polymer networks interlaced with one another on a molecular scale, where each network spans the whole volume of the elastomer (Zhao, 2012) (Fig. 4) .
A polymer chain on a network is defined as the segment of molecules between two successive chemical crosslinks (Flory, 1953; Rubinstein and Colby, 2003; Treloar, 1975) , and the chain can be effectively divided into a number of freely-joint rigid links, each link with the same length l, so-called Kuhn length (Kuhn and Grün, 1942) . We assume that the MCR elastomer consists of m types of interpenetrated networks and that the link number of polymer chains in the same type of network is the same (Fig. 4) . We denote the number of links on a chain in the network of the ith type (referred as the ith network) as n i (Fig. 4) , and the number of polymer chains in the ith network per unit volume of the elastomer as N i , where i m 1 ≤ ≤ . Without loss of generality, we further assume n n n n i m 1 2 ≤ ≤ ⋯ ⋯ ≤ (Fig. 4b) . Therefore, the number of total polymer chains per unit volume of the elastomer can be expressed as Multiple networks of the same type may coexist in an elastomer to adjust the chain density of this type of network. We assume that the chain density of different types of networks follows a statistical distribution as
where the summation of the probability densities is equal to a unit, i.e., At the undeformed state of the elastomer, the end-to-end distance of a chain on the ith network can be approximated as r nl Rubinstein and Colby, 2003; Treloar, 1975) . Under deformation, the end-to-end distance of the chain will change to r i , and the stretch of the chain is defined as r r 5
where chain stretch must be in a range,
According to Langevin-chain statistics (Kuhn and Grün, 1942) , the free energy of a deformed chain on the ith network can be expressed as 
− is the Boltzmann constant, and T is the absolute temperature in Kelvin. Here, we assume the presence of mechanophores does not affect the free energy of stretching the polymer chain. The force in the deformed chain on the ith network can be derived as (Treloar, 1975) 
This chain force f i will be applied on mechanophores coupled on the polymer chains (Fig. 4b) , and thus affect their chemical reactions. From Eq. (7), we can see that, even under the same stretch (i.e., the same i Λ ), polymer chains with different chain lengths (i.e., different n i ) will experience different chain forces. Consequently, the activation of the chainbonded mechanophores will significantly depend on the lengths of polymer chains.
It should be noted that the framework of the current theory is not restricted to the use of Langevin chain model given by Eq. (6), it can readily adopt other models, such as the Worm-Like-Chain model as given in Appendix A (Bischoff et al., 2002a (Bischoff et al., , 2002b Kuhl et al., 2005; Ogden et al., 2006) .
Macroscopic stresses in the MCR elastomer
In the ith networks, polymer chains can assemble into different structures such as three-chain structure (James and Guth, 1943) , four-chain structure (Flory, 1944) , eight-chain structure (Arruda and Boyce, 1993) and n-chain structure (Treloar and Riding, 1979; Wu and Van der Giessen, 1992) . For simplicity of the analysis, we assume the polymer chains in each network are respectively assembled into cubic elements by following the eight-chain model (Arruda and Boyce, 1993) . The cubic elements of different networks homogeneously overlap with one another to form the interpenetrating network (Fig. 4) .
When the MCR elastomer is subjected to a macroscopic deformation denoted by principal stretches in three directions, 1 λ , 2 λ and 3 λ , the eight-chain cubic elements in each network follow the affine deformation with the same principal stretches of 1 λ , 2 λ and 3 λ . Therefore, the stretch of all chains on the ith network can be expressed as (Arruda and Boyce, 1993) I 3 8
is the first invariant of the Cauchy Green tensor. From Eq. (6), the free energy associated with the stretch of the polymer chains in the ith network per unit volume of the MCR elastomer can be calculated as
and i Λ is given by Eq. (8). It is noted that the double index in Eq. (9) and other equations in this paper do not follow the Einstein summation convention. Therefore, the total free energy of deforming a unit volume of the MCR elastomer can be expressed as
To account for the incompressibility of the MCR elastomer ( 1 1 2 3 λ λ λ = ), we modify the free energy function in Eq. (10) as
where Π is a Lagrange multiplier used to enforce the incompressibility and can be determined by boundary conditions. Therefore, the nominal principal stresses can be calculated as
And the principal Cauchy stresses can be calculated as
If we consider stretching an MCR elastomer film under the pure-shear condition as illustrated in Fig. 2a , three principal stretches can be expressed as
. By setting 0 3 σ = , we can obtain the Cauchy stress along the stretched direction in the elastomer film as
The nominal stress s 1 along the stretched direction can be derived by considering s /
, and the relation of N i and n i follows Eq. (2).
Force-dependent chemical reaction of mechanophores

Kinetics for chemical reaction of mechanophores
We denote the number of mechanophores per unit volume of the MCR elastomer as c. Since the MCR elastomer is incompressible, c is a constant throughout the deformation of the MCR elastomer. Considering the fabrication process of MCR elastomer, we can assume that mechanophores are homogeneously distributed within the MCR elastomer, and that the number of mechanophores coupled on the ith network is proportional to the volume ratio of the ith network in the elastomer. Therefore, the number of mechanophores on the ith network in a unit volume of the MCR elastomer can be expressed as c cV 16
where the volume ratio of the ith network V i is given by Eq. (4). Spiropyrans and merocyanines are able to interconvert through a reversible electrocyclic reaction ( Fig. 2) , which is significantly affected by microscopic forces applied on the mechanophores. It is noted that merocyanines may have two isomers; for simplicity, here we study the reactions of the both merocyanine isomers together Silberstein et al., 2014 Silberstein et al., , 2013 . We denote c i S and c i M as the numbers of spiropyrans and merocyanines on the ith network per unit volume of the MCR elastomer at the current state, respectively. Since the ith network is incompressible, the number of mechanophores in the ith network is a constant throughout the deformation of the MCR elastomer, and c c c
Following the convention in mechanochemistry, we define the conversion from spiropyrans to merocyanines as the forward reaction, and from merocyanines to spiropyrans as the reverse reaction (Fig. 2) . The chemical kinetics between spiropyrans and merocyanines on the ith network of the MCR elastomer can be expressed as (Hänggi et al., 1990) dc dt k c k c 17 
is the concentration of merocyanines on the ith network at an initial time t 0 . The total number of merocyanines in a unit volume of the MCR elastomer at the current state can thus be calculated as c t c t 20 Eqs. (19) and (20), it is evident that the merocyanine concentration at the current state depends on the initial condition c i M t t0 = , forward and reverse reaction rates k i f and k i r , and the current time t. We will discuss these dependences in the following sections.
Force-dependent reaction rates
The reversible chemical reaction between spiropyrans and merocyanines can be understood by considering the potential energy of the mechanophores during the reaction (Fig. 5) (Kauzmann and Eyring, 1940; Kramers, 1940) . The basic assumption is that the dynamics of the chemical reaction can be projected onto a reaction coordinate x (Kauzmann and Eyring, 1940) . The potential energy of two-reactant states (spriropyran and merocyanine) and internal transition state can be plotted as a function of the reaction coordinate x. The transition between the spiropyrans and merocyanines needs to overcome the energy barriers, which are defined as the potential energy difference between the respective reactant states and the transition state (Fig. 5) . When the force applied on the mechanophore is zero, the potential-energy landscape of the mechanophores is illustrated in Fig. 5a , where G S Δ and G M Δ are the energy barriers for the forward reaction and reverse reaction, respectively. Accordingly, the force-free forward and reverse reaction rates of the mechanophore can be expressed as (Kramers, 1940) 
where the coefficients A and B are related to the rates at which the respective reactants are perturbed to the transition state (Bustamante et al., 2004; Hänggi et al., 1990; Kramers, 1940) . Eqs. (21) further give that the typical time scales for the forcefree forward and reverse reactions of a mechanophore are on the orders of k 1/ f 0 and k 1/ r0 , respectively. Since the forward and reverse reaction rates are on the order of k 10 s Under applied forces, the time scale to reach chemical equilibrium can be significantly shortened.
As illustrated in Fig. 5b , an applied force f on the mechanopore will vary the energy barriers of the forward reaction and reverse reaction to G f x S S Δ − Δ and G f x M M Δ + Δ , respectively; where x S Δ and x M Δ are the effective distances between the reactant states (i.e., spriropyran and merocyanine) and the transition state along the reaction coordinate, respectively (Bustamante et al., 2004) . When the MCR elastomer is deformed, the applied force on the mechanopores in the ith network is f i , given by Eq. (7). Therefore, the forward and reverse reaction rates of mechanophores on the ith network of a deformed MCR elastomer can be expressed as (Bell, 1978; Kauzmann and Eyring, 1940; Ribas-Arino and Marx, 2012) Δ Δ~− . The coefficients for reactions of mechanophores, (i.e., k f 0 , k r0 , x S Δ and x M Δ ) can be measured by singlemolecule force microscopy (J. ) and calculated by atomic or molecular-dynamic calculations Silberstein et al., 2014 Silberstein et al., , 2013 Δ and x M Δ should be on the same order as reported previously (Silberstein et al., 2014 . For simplicity of analysis in the current study, we further assume
where x Δ is taken as the effective geometry distance between the reactant states (i.e., spriropyran and merocyanine) and the transition state.
Merocyanine concentration at the equilibrium state
Now that the dependence of the forward and reverse reaction rates on applied forces of polymer chains has been established, we will discuss the merocyanine concentration in the MCR elastomer. If the chain forces are maintained constants over a period of time long enough, the chemical reaction of mechanophores can reach equilibrium. At the equilibrium state, Eq. (17) reduces to Furthermore, a combination of Eqs. (20), (22) and (25b) gives the number of merocyanines in a unit volume of the MCR elastomer at equilibrium state as
where the force applied by polymer chains, f i , is related to the deformation of the MCR elastomer by Eq. (7); and the volume ratio of the ith network in the MCR elastomer, V i , is given by Eq. (4).
Transient evolution of merocyanine concentration
The chain forces f i in the MCR elastomer can be varied upon deformation of the elastomer; and consequently the forward and reverse reaction rates, k i f and k i r , will be changed over time according to Eqs. (22). As a result, the merocyanine concentration c i M will evolve over time, until a new equilibrium state is achieved. In this section, we will discuss the transient evolution of merocyanine concentration due to various variations of chain forces.
3.2.4.1. Case 1: constant chain force after a sudden change. If the chain forces are maintained constant after a sudden change at time t 0 , the chemical reaction rates k i f and k i r will be independent of time after t 0 . According to Eq. (19), the evolution of merocyanine concentration in the ith network after t 0 can be calculated as
where k i f and k i r are the time-independent reaction rates given by Eq. (22) with the chain forces applied at t 0 .
We will discuss two representative examples for the case of constant chain forces after sudden changes. In the first example (Fig. 6a-c) , the chain force is initially zero and suddenly changed to and maintained as a non-zero constant value, i.e.,
According to Eqs. (25) and (27), the merocyanine concentration in the ith network can be calculated as Fig. 6c , it can be seen that the t eq given by Eq. (30) is a non-monotonic function of the suddenly applied chain force. The required time features a maximum value of $2.54 Â 10 5 s at f x k T / 2 . 5 4 B Δ ≈ . As the applied chain force further increases, the required time decreases drastically. For example, as f x k T / B Δ reaches 15, the required time scale reduces to $ 1 s. In the second example (Fig. 6d-f) , the chain-force is initially maintained to be a non-zero constant value and then suddenly relaxed to zero, i.e., (Fig. 6f) .
3.2.4.2. Case 2: time-dependent chain forces. If the chain force f i varies with time after the initial time t 0 , the chemical reaction rates k i f and k i r will also depend on time after t 0 . In this case, the merocyanine concentration can be calculated through a combination of Eqs. (19), (20) and (22), given that the time-dependent chain force in Eq. (22) is known. Here we study one example, where the chain force gradually increases with a constant rate over time (Fig. 6g) , i.e.,
where the loading rate of chain force r has a dimension of N s 1 ⋅ − . Based on Eqs. (19) and (22) Fig. 6i . It is evident that a higher loading rate requires a shorter time t eq to fully activate the mechanophore.
Fluorescence intensity of the MCR elastomer
Now that the concentration of merocyanine in the MCR elastomer can be determined at both equilibrium and transient states, we will correlate the merocyanine concentration with the fluorescence intensity of the elastomer observed in experiments. We assume that the observed fluorescence intensity of an MCR-elastomer film is proportional to the amount of merocyanine molecules throughout the thickness of the film (Q. . Therefore, the fluorescence intensity of the elastomer film at the deformed state can be expressed as Q const c h 36
where Q and h are the fluorescence intensity and thickness of the MCR elastomer film at the current state, respectively; and const is a constant independent of the deformation of the elastomer. The fluorescence intensity of the elastomer film at undeformed state can be expressed as Q const c h
and h 0 is the film thickness at the undeformed state. In this way, we can quantitatively correlate the macroscopic stress-strain behavior and fluorescence intensity of MCR elastomer with the microscopic chain forces in polymer networks and activation of mechanophores.
Results of the theoretical model compared with experiments
Section 3 presents an interpenetrating-network model for MCR elastomers with non-uniform chain lengths. The model can adopt different chain-length distribution functions, p n i i ( ) in Eq. (2). In this section, we will use the model with different chain-length distributions to discuss the macroscopic stress-strain behaviors of the MCR elastomers and microscopic chemical reactions of the mechanophores in the elastomers.
Chain-length distributions
Dirac delta distribution
If all chains in the MCR elastomer have the same chain length, the chain probability density follows the Dirac delta distribution (Fig. 7a) , expressed as ⎧ ⎨ ⎩ p n n n 1 0 else 37
where n ⁎ denotes the chain-length (Kuhn link number) of each chain.
Uniform distribution
If the chains with different chain-lengths have equal chain concentration, the chain probability density can be expressed by the uniform distribution (Fig. 7c) 
Normal distribution (Gaussian distribution)
If the chain-length is distributed normally around an average value, the chain probability density can be expressed by the normal distribution (Fig. 7e) 
where n 0 and δ are the mean and standard deviation of n i , respectively.
Log-normal distribution
If the logarithm of the chain length is normally distributed, the chain probability density follows a log-normal distribution (Fig. 7g) 
Weibull distribution
The chain probability density can also be expressed as the Weibull distribution (Fig. 7i) , i.e.,
where a 0 > is the shape parameter and b 0 > is the scale parameter. It should be noted that, by normalization, we ensure the summation of the probability densities is equal to a unit in all types of chain-length distributions, i.e., p n 1
Macroscopic stress-strain behavior
By adopting a number of chain-length distributions given in Section 4.1, we compare the theoretical prediction and experimental results of stress-strain behaviors of the MCR elastomers under pure-shear uniaxial tension. Here, we show that the experimental stress-strain behaviors can be well predicted by our model with various chain-length distributions.
If the chain-length distribution follows the Dirac delta distribution (Eq. (37)), the polymer network only contains one type of chains with the same chain length. The uniaxial nominal stress-stretch relation under the pure-shear condition (Eq. (15)) can be reduced to
where N is the total polymer chain number in a unit volume of the elastomer, n ⁎ is the link number of a chain, 
, and λ is the macroscopic stretch along the stretching direction. As shown in Fig. 7a and b, the predicted stress-stretch curve matches well with the experiments. It should be noted that, when the chain-length follows the Dirac delta distribution, our network model is equivalent to the Arruda-Boyce model (Arruda and Boyce, 1993) .
If the chain-length distribution follows a uniform distribution (Eq. (38)), the network contains a number of types of polymer chains, each type with equal probability density. From Fig. 7d , we can see that the uniform distribution can well predict the initial potion of the stress-stretch curve, but fails to describe the stiffening part.
We can also describe the chain-length distribution with normal distribution (Eq. (39)), log-normal distribution (Eq. (40)), Weibull distribution (Eq. (41)) and others. As illustrated in Fig. 7b , f, h, and j, the model with fitted parameters for different types of chain-length distributions can all match the experimentally measured stress-stretch data of MCR elastomer consistently. This means MCR elastomers with different chain-length distributions can exhibit similar stress-strain behaviors.
Microscopic chemical reactions of mechanophores and macroscopic fluorescence intensity
Next, we calculate the fluorescence intensity of the deformed MCR elastomer films and compare the theoretical predictions with experimental results discussed in Section 2. Since the fluorescence intensities of the deformed MCR elastomer films are measured at the equilibrium states, we will focus the calculation on the equilibrium states as discussed in Section 3.2.3. Given a macroscopic deformation state ( 1 λ , 2 λ , and 3 λ ), the forces applied on mechanophores in the ith network can be calculated by Eq. (7) = × − − , respectively, which were obtained from molecular dynamic calculations Silberstein et al., 2014 Silberstein et al., , 2013 . The effective geometry distance x Δ is taken as a fitting parameter in the current model, but the value of x Δ is on the order of 10 m 10 − , as previously reported Silberstein et al., 2014 Silberstein et al., , 2013 J. Wang et al., 2014) . Based on the model, we find that the microscopic chemical reactions of mechanophores and macroscopic fluorescence intensity of the MCR elastomers at equilibrium states are significantly affected by the deformation of the MCR elastomers, effective reaction distance x Δ , and polymer chain-length distribution. The equilibrium concentration of merocyanines increases monotonically with the applied stretch λ (Fig. 8a, c and e) , because the forces applied by polymer chains on mechanophores, which promote the transition from spiropyran to merocyanines, increases monotonically with the applied stretch. By considering the thickness effect involved in the observed region (Eq. (36), discussed in Section 2), the observed fluorescence intensity first decreases slightly and then increases proportionally with the applied stretch (Fig. 8b, d, f and c) .
The emitted fluorescence intensity can be affected by the effective reaction distance x Δ which is aligned with the applied force during the chemical reaction. As effective distance x Δ increases, the same chain force leads to greater mechanicallyinduced reduction of the activation energy of the chemical reaction. As a result, the forward chemical reaction (from spiropyran to merocyanine) becomes more pronounced under the same chain force , inducing higher fluorescence intensity (Fig. 8b) .
The fluorescence intensity ratio of the MCR elastomer is also significantly affected by the function of chain-length distribution. Under the same deformation, the chain force decreases monotonically with the link number in a network (Fig. 9a) . Given a non-uniform chain-length distribution, the chain forces applied on mechanophores and the extent of activation of mechanophores will be non-uniformly distributed based on the function of chain-length distribution (Fig. 9b) . For example, if we consider the chain-length distribution as a log-normal function, whose shape is determined by the mean ( n ln 0 ) and standard deviation (δ) of the logarithm of the chain length ( n ln i ). As the mean chain length increases, the resultant longer chains will exert lower forces on mechanophores under the same stretch (Fig. 9a) , so that fewer merocyanines will be present. Therefore, the fluorescence intensity decreases with the increase of mean chain length (Fig. 8d) . As the standard deviation δ increases, the number of short chains in the elastomer increases (Fig. 7g) ; therefore, the fluorescence intensity increases with the rise of standard deviation δ (Fig. 8f) .
In particular, it should be noted that even though microphysical models with different chain-length distributions can give similar macroscopic stress-strain curves (Fig. 7b, f, h, j and a) , the predicted fluorescence intensities can be significantly different from one other (Fig. 10b and c) . As discussed in Section 4.2, the microphysical models which consider chain-length distribution as Derac delta, normal, log-normal and Weibull distributions can predict similar macroscopic stress-strain curves, all consistent with the experimentally measured stress-strain curve (Fig., 7b, f, h, j and a) . However, the predicted fluorescence intensity (Fig. 10b and c) resulting from different chain-length distributions differs drastically with one another. We further find that the predicted fluorescence by the model with log-normal distribution can match experimental observations consistently (Fig. 10b and c) by setting the total chain number density as N 8 10 25 = × , the mean and standard deviation of the logarithm of the chain-length as n ln ln 14 0 = and 0.8 δ =
, and the effective reaction distance as x 4 10 m 10 Δ = × − . The effective distance x Δ falls within in a reasonable range compared with that obtained from the molecular dynamic computations in Silberstein et al., 2014) . As shown in Fig. 10b and c, the predicted fluorescence intensity by the model with log-normal distribution can match the experimental data for both uniaxial pureshear tension and equibiaxial tension, and varied spiropyran concentrations (0.05-0.5 wt%).
Potential applications of MCR elastomers compared with finite-element model
In this section, we will first demonstrate a few potential applications of MCR elastomers, where we generate fluorescence patterns by deforming the MCR elastomers in designed structures. To model the complicated deformations associated with the fluorescence patterns, we program the microphysical model developed in Section 3 into an ABAQUS UHYPER user subroutine (see Appendix B for more details). Based on the calculated deformation patterns, the fluorescence intensity can be predicted by Eq. (36) and compared with experimental results.
Strain imaging
Strain imaging has been intensively studied by using photoelastic materials that are usually rigid materials (Frocht, 1941) . For highly deformable elastomers, the strain maps have typically been characterized by digital image correlation methods (Hall et al., 2012; Maskarinec et al., 2009; Peters and Ranson, 1982; Xu et al., 2010) . More recently, Ducrot et al. (2014) used a luminescent emission of the MCR dioxetane molecules to detect the fracture of sacrificial bonds in double-network polymers. Here, we demonstrate that MCR elastomers can provide a nondestructive method for strain imaging by observing the fluorescence intensities of highly deformed MCR elastomers.
The first example is on fluorescence around a circular hole in a uniaxially deformed MCR elastomer. We first cut a circular hole with a diameter of 2 mm in the MCR film (thickness $ 300 μm) (Fig. 11a) , and then uniaxially stretch the MCR film by λ¼1.7 under a plane-stress condition. As a result, the circular hole deforms into an ellipse. The observed fluorescence intensities around the minor axes are much stronger than other regions on the MCR film (Fig. 11b) . We can further convert the fluorescence image into the first-invariant mapping (Fig. 11c ) by using the relationship between the elastomer deformation and the fluorescence intensity predicted by Eq. (36). At the same time, using the finite-element model with UHYPER user subroutine, we can compute the first invariant around the deformed elliptic holes as shown in Fig. 11d . The two-dimensional model is discretized by CPE4R elements, and the accuracy of the model is ascertained through mesh refinement studies. From Fig. 11c to e, the experimentally observed and the predicted first-invariant mappings match with each other qualitatively and quantitatively. As another example, we cut a notch in the MCR film and stretch the film uniaxially by λ¼1.4 (Fig. 12a and b) . As illustrated in Fig. 12c -e, the observed and predicted fluorescence intensities and firstinvariant fields also match each other fairly well. Through these two examples, we demonstrate that MCR elastomers have the potential to be used as photo-hyperealstic materials that can quantitatively map the deformation (e.g., first invariant) of highly deformed elastomers. While conventional digital image correlation methods may provide accurate full-field measurements (Hall et al., 2012; Maskarinec et al., 2009; Peters and Ranson, 1982; Xu et al., 2010) , they can only characterize the surface strains of measured materials. In contrast, the current method can provide information about the internal deformation or damage (Ducrot et al., 2014) of materials undergoing large deformation and fracture. . The MCR elastomer is under uniaxial pure-shear tension with the uniaxial stretch 2.5 λ = .
Color/fluorescence display
The MCR elastomers can also be deformed in designed patterns to display colors or fluorescence patterns. Various methods have been exploited to display color or fluorescence on elastomer systems, such as coupling rigid light-emitting diodes with elastomeric matrix (Jeong et al., 2012; Kim et al., 2011 Kim et al., , 2010 Park et al., 2009; Sekitani et al., 2009 ), using electro-luminescent elastomers (Filiatrault et al., 2012; Liang et al., 2013; White et al., 2013; Yu et al., 2011) and filling elastomer channels with pigment fluids (Hagedon et al., 2012; Heikenfeld et al., 2009; Morin et al., 2012; Shepherd et al., 2011; Yeo et al., 2010) . Q. has demonstrated that MCR elastomers can be assembled into an electrocontrollable panel to display on-demand fluorescence and colors. To test the applicability of the model, we investigate here how an MCR elastomer can be used to display fluorescence patterns by simple mechanical contacts . We fabricate an embossed mask with letters "DUKE" by printing a thermoplastic PLA (Formfutura, Netherland) with a 3D printer MakerBot Replicator 2 (MakerBot, US) . The size of each letter is around 2 mm by 2 mm in area and 1 mm in depth. We then push the embossed mask on into an MCR elastomer ( $ 800 μm) to a depth of around 400 μm (Fig. 13a) . The shear modulus of the thermoplastic PLA is $ 2 MPa, while the shear modulus of the MCR elastomer is much lower, $ 140 kPa (Q. . Around the contact regions, large deformations are generated in the MCR elastomer which reveal increased fluorescence intensity from activated mechanophores. The fluorescence patterns, observed from the bottom of the MCR elastomer, can clearly replicate the letter patterns of the mask (Fig. 13b) . We further simulate this contact problem in the finite-element program ABAQUS with the UHYPER subroutine. The rigid mask is modeled as a linear elastic material with Young's modulus of 6 Mpa. As illustrated in Fig. 13c and d, the simulated letter patterns can quantitatively match the observed the fluorescence patterns.
Conclusive remarks
In summary, we present a constitutive model for mechanochemically responsive elastomers to quantitatively reveal how the macroscopic deformation of the elastomer translates to the molecular forces in polymer networks with non-uniform chain lengths, and how the chain forces subsequently affect chemical reactions of mechanophores coupled to the networks. The predicted macroscopic stress-stretch behaviors and the fluorescence of deformed MCR elastomers match consistently with experimental observations. In particular, we quantitatively explain that (1) MCR elastomers with time-independent stress-strain behaviors can present time-dependent variation of color or fluorescence due to the kinetics of mechanophore activation; and (2) MCR elastomers with different chain-length distributions exhibit similar stress-strain behaviors, but very different The theoretical model suggests strategies for designing more complex polymer network architectures to achieve better mechanochemical activations of various mechanophores (Beyer and Clausen-Schaumann, 2005; Black et al., 2011a; Caruso et al., 2009; Kean and Craig, 2012) . As discussed in Section 4, the activations of forward reactions of mechanophores attached on shorter chains are easier than on the longer chains under the same stretch. However, an elastomer with only short-chain network may suffer from low stretchability and low toughness. Therefore, it may be desirable to design bimodal MCR elastomers or gels with long-chain and short-chain networks interpenetrated with each other (Ducrot et al., 2014; Gong et al., 2003; Sun et al., 2012) , where the mechanophores are only coupled to the short-chain network. Deformation of the resultant elastomers or gels will highly stretch (and even fracture) the short-chain network to effectively activate the forward reactions; meanwhile, the long-chain network will maintain the integrity of the elastomers or gels under deformation (Ducrot et al., 2014; Gong et al., 2003; Sun et al., 2012; Zhao, 2012) . As shown in Fig. 14 , this type of doublenetwork MCR elastomer is expected to achieve much higher activation of the mechanophores than the usual MCR elastomers with non-uniform chain-lengths. Mechanophores may also be coupled to other non-conventional network architectures for the design of high-efficient MCR elastomers and gels (Zhao, 2014) .
We further program the constitutive model into finite-element models, through which we demonstrate the MCR elastomers' potential applications for strain imaging and color/fluorescence displays. These models can further facilitate the design of MCR polymers in the macro/micro-structure level to create MCR devices for diverse applications, such as sensors, memories, flexible displays, optoelectronics, biomedical luminescent devices and dynamics camouflage skins (Beyer and Clausen-Schaumann, 2005; Black et al., 2011a; Caruso et al., 2009; Chi et al., 2012; Kean and Craig, 2012; Sagara and Kato, 2009; . where the volume change is J F det = , F is the deformation gradient tensor, and D is a constant parameter that should be a near zero value to enforce the nearly incompressible condition.
In the user subroutine UHYPER, derivatives of the free energy W over strain invariants and volume change J should be also explicitly defined. The non-zero terms include the following: = − denote the probability densities of the short and long chains, respectively. In the double-network elastomer, mechanophores are only coupled to the short-chain network. (c) The log-normal chain-length distribution of an MCR elastomer. In the log-normal-network elastomer, mechanophores are homogeneously distributed in all networks. (d) Predicted fluorescence ratios for double-network MCR elastomers and the MCR elastomer with log-normal chain-length distribution. 
